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Abstract— We develop a systematic approach to incorporating
uncertainty into planning manipulation tasks with frictional
contacts. We consider the canonical problem of assembling a
peg into a hole at the meso scale using probes with minimal
actuation but with visual feedback from an optical microscope.
We consider three sources of uncertainty. Because of errors in
sensing position and orientation of the parts to be assembled,
we must consider uncertainty in the sensed configuration of
the system. Second, there is uncertainty because of errors in
actuation. Third, there are geometric and physical parameters
characterizing the environment that are unknown. We discuss
the synthesis of robust planning primitives using a single degree-
of-freedom probe and the automated generation of plans for
meso-scale manipulation. We show simulation and experimental
results in support of our work.

I. INTRODUCTION

Manipulation and assembly tasks are typically character-
ized by many nominally rigid bodies coming into frictional
contacts, possibly involving impacts. Manipulation tasks are
difficult to model because uncertainties associated with friction
and assembly tasks are particularly hard to analyze because of
the interplay between process tolerance and geometric uncer-
tainties due to manufacturing errors. Manipulation at the meso
(hundred microns to millimeters) and micro (several microns
to tens of microns) scale is even harder because of several
reasons. It is difficult to measure forces at the micro-netwon
level reliably using off-the-shelf force sensors and good force-
feedback control schemes have not proved successful. It is hard
to manufacture general-purpose end effectors at this scale and
it is even more difficult to grasp and manipulate parts at the
micro and meso level than it is at the macro level. Finally, the
lack of good models of the mechanics of contact interactions
at this scale means that model-based approaches to planning
and control are difficult.

The mechanics of pushing operations and sliding objects
have been extensively studied in a quasi-static setting in [19,
22]. There is also extensive work addressing the analysis and
simulation of mechanical systems with frictional contacts [3,
14, 5]. In particular, semi-implicit and instantaneous-time
models for predicting motion and contact forces for quasi-
static multi-rigid-body systems have recently been developed
[25, 27]. We build on these models and time-stepping algo-
rithms discussed in these papers.

Modeling dry friction is a notoriously difficult problem
area. Estimations of friction parameters for pushed objects to
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Fig. 1. Our experimental setup (left) and an image from the optical microscope
showing the peg and a probe (right).

Fig. 2. Planar manipulation with a single degree-of-freedom, dual-tip probe
and a passive single-tip probe. There are three sets of operations that can be
performed.

improve the control of pushing have been investigated previ-
ously on larger objects and with different strategies than the
ones presented here. In [17], test pushes on different objects
with known support surfaces are used to estimate support
surfaces experimentally. It leaves the open question of how the
hypothesized support points for an unknown object should be
chosen. Similarly in [28], a method for estimating the friction
distribution of an object and the center of friction from pushing
the object several times is presented. In both of these papers,
a grid system of N possible support points is applied to the
base of the object being pushed. The respective algorithms
determine the distribution of the normal force of the object at
these support locations. Similarly, estimates of surface friction
for meso-scale manipulation are experimentally determined
in [7]. In our experiments the support surface is coated with a
thin film of oil which circumvents the difficulties of modeling
dry friction.

A good survey of motion planning under uncertainty is
available in [10, 15]. Pushing operations and the instantaneous
motions of a sliding object during multiple contact pushing is
examined and the manipulation primitive of stable rotational



pushing is defined in [16]. In [2], the bounds of the possible
motions of a pushed object are investigated. [23] presents
a comparison between the dynamic and quasistatic motions
of a push object. It is well-known that open-loop motion
strategies, without the use of sensors, can be used to eliminate
uncertainty and to orient polygonal parts [13, 11, 1]. In many
cases, the problem of positioning and orienting a planar object
with a random initial condition can be reduced to a planning
problem which can be solved using a complete, polynomial-
time algorithm.

In particular, the problem of finding motion primitives that
rely on pushing and are robust to errors has received significant
attention. A pushing control system with visual feedback for
open-loop pushing is described in [24] as a way to mitigate
the instability of pushing with point contacts. To remove the
uncertainty associated with robot pushing tasks, [4] establishes
stable orientation and positions by pushing objects with two-
point fingers. The problem of planning pushing paths using
stable pushes with line contact is discussed in [18], and
conditions on the pushing directions are derived that ensure
that line sticking contact will always be maintained.

Sensorless orientation of parts is applied to micro-scale
parts in [20]. At the micro scale, sticking effects due to Van
der Walls forces and static electricity make the manipulator
motions and part release more complicated [12, 6]. Micro-
manipulators also have limited degrees of freedom when
compared to manipulators at the macro-scale. These problems
are addressed in [20] with a parallel-jaw gripper and squeeze
and roll primitives to orient a randomly oriented polygonal
part up to 180◦ symmetry.

In this paper, we develop a formulation of the motion
planning problem for manipulation with friction contacts in-
corporating uncertainty at three levels: (a) Errors in estimates
of states (positions and orientations) of the manipulated object;
(b) Errors in actuation or input; and (c) Errors in geometric
and physical parameters characterizing the assembly task.
We consider the canonical problem of assembling a planar,
rectangular part into a planar, rectangular slot, but with a
single degree-of-freedom probe with two rigid finger tips and
a second passive probe (Fig. 2), and with visual feedback from
an optical microscope (see Fig. 1). We address the automated
generation of motion plans for this assembly task. We argue
that it is appropriate to consider a quasi-static model of the
manipulation task with Coulomb friction at the contact(s)
between the probe and the object. The interaction between
the manipulated part and the oil-coated surface is modeled
using a viscous friction model. We explicitly model all three
sources of uncertainty through experiments and show how
motion primitives that are robust to these uncertainties can be
identified. We describe a motion planner that can find motion
plans composed of motion primitives for this task and illustrate
the application through simulation and experiments.

II. MODELING AND DEFINITIONS

The manipulation problem considered in this paper can be
studied in the framework of motion planning for systems that
are subject to both differential equations and uncertainties. In
this section, we will briefly describe the framework for the
general problem and a general planning methodology based
on robust motions. The application of the general method in
the manipulation problem is described in Section IV.

Fig. 3. Robust motion primitives

A. Problem description
Assume that the motion of the control system in the given

environment is characterized by ẋ = f(x, u, p), in which x ∈
X ⊂ �n is the state, u ∈ U ⊂ �m is the input, and p ∈
P ⊂ �l is the parameters for the system and environment.
Given a control ũ : [0, tũ] → U , a parameter history p̃ :
[0, tp̃] → P , and a state x0 ∈ X for some tũ > 0 (varies with
ũ), the trajectory (a.k.a. motion) under ũ and p̃ from x0 is

x̃(ũ, p̃, x0, t) = x0 +
∫ t

0
f (x̃(η), ũ(η), p̃(η)) dη.

We consider three bounded uncertainties stemming from
sensing, control (actuation), and the environment.
1. Sensing uncertainty We assume that sensors can estimate
the global state of the system with bounded error su

x. Let
x and xs respectively represent the actual and sensed states
of the system. We have x ∈ Bsu

x
(xs), in which Br(x′) =

{x | ‖x, x′‖ ≤ r} is the r-neighborhood of state x with respect
to a metric ‖·, ·‖ on X .
2. Control uncertainty We assume that actuators will realize
the commanded control with a bounded error cu

ũ. Let ũ and
ũi respectively represent the actual and intended controls for
the system. We have ũ ∈ Bcu

ũ
(ũi).

3. Modeling uncertainty We assume that the geometry and
the physics of the underlying model are parameterized by p̃
with bounded error eu

p̃ . Let p̃ and p̃n respectively represent the
actual and nominal parameter history. We have p̃ ∈ Beu

p̃
(p̃n).

Given a sensed initial state xinit and a goal set Xgoal =
Bτ (xgoal) for a specified τ and xgoal, the objective is to
compute a control ũ (that may depend on feedback informa-
tion) which will drive the system from xinit to Xgoal under
uncertainties.

B. Planning with robust motion primitive
To solve the above problem is quite difficult. Because

complete algorithms are difficult to find except for the sim-
plest of problems, we pursue the synthesis of plans that
are obtained by composing robust motion primitives. Robust
motion primitives are used to define controls whose resulting
trajectories will preserve a specified property of interest in the
presence of uncertainties. We model a property of interest by
a characteristic function, κ, which maps a trajectory into 0
or 1. If κ(x̃) = 1, then we say that the trajectory x̃ satisfies
the given property and is called a κ-motion. The admissible
set for a property κ (see Fig. 3) is Aκ = {x̃ | κ(x̃) =
1}. If the system has uncertainty bound eu = (su

x, cu
ũ, eu

p̃),
the uncertainty neighborhood of trajectory x̃ = (x0, ũ, p̃) is
{x̃′ | ‖x′

0, x0‖ ≤ su
x, ‖ũ′, ũ‖ ≤ cu

ũ, ‖p̃′, p̃‖ ≤ eu
p̃}. A κ-

motion is a robust motion primitive only if its uncertainty
neighborhood is contained within the admissible set.

We can now consider the composition of robust motion
primitives. Let κ1 and κ2 be two properties. If there exists



a robust κ1-motion and a robust κ2-motion such that the
κ1-motion can be reliably appended to the κ2-motion under
uncertainties, then we say that it is possible to sequentially
compose the motion primitives.

Thus our approach to planning will involve the construction
of a set of robust motion primitives followed by their sequen-
tial composition. At this point, a graph search based motion
planning algorithm in [15] can be used to synthesize the com-
plete motion plan. It is worth mentioning that such algorithms
are not complete because they restrict the search space from
the original control space to a smaller one consisting only of
robust motion primitives.

In the next section we will describe our experimental testbed
and the specifics of the manipulation task before developing
models of the manipulation task and robust motion primitives
for the task.

III. THE EXPERIMENTAL TESTBED

The mico-manipulation system (Fig. 1 left) consists of an
inverted optical microscope and CCD camera (for sensing
the configuration), 4 axis micro-manipulator, controller, 5 μm
tip tungsten probes, and control computer. There is a 4X
objective on the microscope along with a 0.6X optical coupler
producing a field of view (FOV) of 3.37 mm x 2.52 mm.
The CCD camera records the images in the FOV and sends
them to the control computer at 30 Hz (lower frequency with
image processing). The micro-manipulator with controller has
a minimum incremental motion of 0.1 μm along four axes,
with a maximum travel of 20 mm and with speeds ranging
from 1.6 μm/sec to 1.7 mm/sec. We consider two types of
probes, a passive Single-Tip Probe (STP) and an active Dual-
Tip Probe (DTP). The STP is passive and although it can be
positioned, its motion is not controlled during manipulation.
The DTP is actuated along one direction (the x-axis) and can
be used either for single or two point contact (see Fig. 2).

The control of the DTP is fully characterized by u =
(d2, vp, p

t) (see Fig. 3), denoting a push in x direction with
relative distance d2 with duration pt and constant speed vp.
In the experiments in this paper, we choose from one of three
discrete values of speeds: vp = 140.0, 75.0 or 7.4 μm/sec. The
other two inputs are continuous.

As mentioned before, there are three sources of uncertainty.
The sensing uncertainty arises because of the limitation on
the magnification and resolution of the camera. Because with
our objective, each pixel subtends only 5.26 μm, our errors
in positions are approximately + 5 μm and the error in
estimating the orientation of our 1616 μm × 837 μm part
is + 0.3 degrees. The control uncertainty exists only in the
probe position. The errors in probe position relative to the
part are also of the order of + 5 μm. Errors in geometric
parameters stem from manufacturing imperfections. The part
is not a perfect rectangle as shown in Fig. 1. The tips in the
DTP are of different length, in which one tip is longer than
the other, reflected in the angle β in Fig. 4 (right). However,
we assume the exact dimensions are known. The principal
source of modeling error stems from surface friction and the
coefficient of friction between the probe(s) and the part. We
will discuss the dynamic model and the parameters governing
this model in greater detail in the next section.

IV. MOTION PLANNING WITH UNCERTAINTY

A. System dynamics
We use a quasi-static model for the system (inertial forces

are of the order of nano-newtons for the accelerations involved,
while the frictional forces are on the order of micro-newtons).
We assume the support plane to be uniform, and all pushing
motions of the probes to be parallel to this plane. The most
important assumption is about the support friction. Because
we coat the support surface with oil (Extra Heavy Mineral
Oil, LSA, Inc.), it is reasonable to assume viscous damping
at the interface. Based on experimental data we chose the
model f = Ev in which v = [vx, vy, vθ]T is the velocity
of the part (peg) configuration x, y, θ; f is the corresponding
vector of forces and moments; and E is the damping diagonal
matrix with diagonal elements ex, ey = ex, and eθ. The
coefficient of friction between the probe and the part is μ.
These parameters were computed by parameter fitting with
experimental results (see Section V-A). Finally, we assume the
only contacts that occur are between the probe and the part.
Although we consider the assembly task as our goal, we only
consider the problem of guiding the part into the designated
slot without any collisions with the environment.

From quasi-static analysis, we have Ev =∑
i

(
wi

nλi
n + wi

tλ
i
t

)
, where w denotes the wrench vector

and λ the magnitude of the contact force, with subscripts
n and t indicating normal and tangential directions, and
the superscript i denoting the ith contact. Because of
space constraints, we do not write the entire model which
includes complementarity constraints for sticking, sliding and
separation, but instead refer the reader to [21, 27].

We note that the existence of a trajectory for the rigid-body
quasi-static model described above may be guaranteed under
the assumption that the generalized friction cone is pointed (by
pointed cone, we mean a cone that doesn’t contain any proper
linear subspace). The proof of this result follows the lines
of [26] but is omitted because of space constraints. Therefore,
for the one-point contact case in Fig. 2 (left), existence is
immediately obtained from the linear independence of the
normal and tangential wrenches. When the probe pushes the
same side of the part with a two-point contact (Fig. 2 (center)),
it is also easy to see that the friction cone is again pointed,
and thus a solution will always exist. The remaining two-
point contact case corresponds to the two point contact in
Fig. 2 (right), for which it can be shown that the pointedness
of the friction cone holds if the distance between the points
of contact is large enough. This motion, which can be used
to rotate the part is discussed later in the next subsection.
Finally, if we derive robust motion primitives that guarantee
sticking is maintained at one or two contact points, we
automatically obtain uniqueness of the trajectories by using
traditional arguments with the underlying differential algebraic
equation. We note that the uniqueness of contact forces does
not hold in general, even though part’s trajectory is guaranteed
to be unique.

B. Properties of motions and admissible sets
There are many properties of interest for pushing primi-

tives for our meso-scale manipulation task, e.g., inputs that
guarantee motions with one (or two) sticking contacts or
input that guarantee desired clockwise (or counter clockwise
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Fig. 4. Pushing with one-point (left) and two-point contact (right). In the right
picture, the DTP is shown with the exaggerated misalignment between its two
tips for better visualization.

rotation) of the part. In the following, we will specially discuss
three types of properties for which robust motions can be
systematically constructed. The first property is to maintain
the one-point sticking contact with counter clockwise (or
clockwise) rotation. The second property is to maintain the
two-point sticking contact for the DTP. The third property is
that the orientation of the final state of the motion is close
to 0 or π radians (because the slot is horizontally oriented).
Sufficient conditions for motion primitives that guarantee each
of these properties are presented below.

1) One-point sticking contact with counter clockwise rota-
tion: We only consider the case in which θ ∈ (0, π) and the
probe pushes on the long edge of the part (see Fig. 4 left).
However, other cases, such as pushing on the short edge or
the right side of the part, can be analyzed similarly.

The following provides the conditions for a static point:
∣∣∣∣
λn

λt

∣∣∣∣ =
∣∣∣∣
d1d2ex cos θ + (eθ + d2

1ex) sin θ

(eθ + d2
2ex) cos θ + d1d2ex sin θ

∣∣∣∣ >
1
μ

(1)

λn = −exvp(d1d2ex cos θ + (eθ + d2
1ex) sin θ)

fd(x, u,E)
> 0

vθ =
exvp(d1 cos θ − d2 sin θ)

fd(x, u,E)
> 0

in which fd(x, u,E) = eθ + (d2
2 + d2

1)ex > 0 and vp < 0.
From (1), we can infer the property of the whole motion just

from its initial point, which is stated in the following lemma:
Lemma 1: If the part starts a counter clockwise rotation

with sticking contact at the initial point with orientation θ ∈
(0, π) (satisfying (1)) as shown in Fig. 4 (left), then the part
will keep counter clockwise rotation with sticking contact until
its orientation θ reaches

π − max{tan−1 d1

d2
, tan−1 d1d2ex

eθ + d2
1ex

}. (2)

Proof: The derivatives of λn

λt
and vθ with respect to θ

are as follow:

∂(λn/λt)
∂θ

=
eθ(eθ + (d2

1 + d2
2)ex)

((eθ + d2
2ex) cos θ + d1d2ex sin θ)2

. (3)

∂vθ

∂θ
= −exvp(d2 cos θ + d1 sin θ)

eθ + (d2
1 + d2

2)ex
. (4)

It can be observed that both derivatives are strictly positive
before θ reaches (2). Therefore, if the part rotates counter

clockwise (vθ > 0) in the sticking mode (
∣∣∣λn

λt

∣∣∣ > 1
μ ) at the

initial point, then the part will keep staying in the sticking
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Fig. 5. The robust rotational motion and planning problem setup

mode because λn

λt
will keep increasing and vθ will keep strictly

positive as θ increases.
2) The two-point sticking contact: We only describe the

case in which θ ∈ (0, π) and the DTP pushes on the long
edge of the part and the contact is sticking (see Fig. 4 right).

The following equations ensure that two point contact will
be sticking at a static point:

∣
∣
∣
∣
λn

λt

∣
∣
∣
∣ = |tan θ| = |1/ tanβ| >

1
μ

(5)

λ1
n =

exvp cos β(d1 sin β + d2 cos β − d4)
d4

> 0

λ2
n = −exvp cos β(d1 sin β + d2 cos β)

d4
> 0

The following lemma shows whether the whole motion has
a two-point sticking contact can be determined from the initial
point.

Lemma 2: If the part starts with two-point sticking contact
as shown in Fig. 4 (right), then the pushing will stay in the
two-point sticking contact mode.

Proof: It is because (5) depends on the orientation and the
orientation is invariant when the initial point has the two-point
sticking contact.

3) The orientation of the final state is close to 0 or π
radians: This property will be achieved in a motion by
pushing the part with the active DTP with a separation

dv ≥ dw + 2su
x + 2cu

ũ. (6)

to the passive STP to guarantee the intended rotation un-
der sensing and control uncertainties (see Fig. 5 left). Such
pushing will ensure that the final orientation will be in θt-
neighborhood of π, in which

θt = sin−1 dw + 2su
x + 2cu

ũ√
d2

w + d2
l

− α. (7)

Remark: In order to guarantee existence, the pointed cone
assumption requires dv ≥ dw tan σ where σ = tan−1μ is
the angle of the friction cone. This is clearly satisfied by (6).
However, for this motion we cannot guarantee uniqueness of
the resulting trajectory. In this case, the property of interest
(the desired change in orientation) does not depend on the
specifics of the trajectory and thus the lack of a guarantee on
uniqueness is not a problem.

C. Computing robust motions from the admissible sets
We use a simple sampling-based algorithm to find a robust

motion with respect to a given property at a given state. We
incrementally decrease the sampling dispersion along each
dimension of the input space until the dispersion reaches the
respective control uncertainty bounds. Initially, the sampling



dispersion in each dimension of the input space is chosen to be
the half of the maximal distance. In each iteration, the sample
points in each dimension with respect to its current sampling
dispersion are combined to generate all possible inputs. Each
input is tested for membership in the admissible set under the
nominal state and parameters. If no input is in the admissible
set, then the sampling dispersion is decreased by half and the
algorithm goes into the next iteration. If an input is in the
admissible set under the nominal state and parameters, then
this input is tested to see whether it is still in the admissible
set under the maximal uncertainties in sensing, control, and
parameters. If yes, then the motion from this input is returned
as a robust motion. If no robust motion is found when the
algorithm stops, then there exists no robust motion with respect
to the given property under such uncertainties.

D. Comparison of robust motions
As we show in Section IV-B, there might exist many types

of robust motions with respect to different properties. In this
section, we will provide a measure, the Lipschitz constant of
the motion equation, to compare robustness of these motions
with respect to uncertainties.

The Lipschitz constants have been used before to provide
an upper bound on the variation of the trajectory with respect
to changes in the state, control, and parameters [8, 9]. The
magnitude of Lipschitz constants characterizes the worst case
trajectory variation of the system under uncertainties. If the
Lipschitz constant is smaller, then the upper bound on the
trajectory variation with respect to uncertainties is smaller, i.e.,
the corresponding motion will be more robust.

We compute the Lipschitz constants with respect to the fixed
initial part configuration (x, y, θ), d2, E (damping matrix),
and μ (friction coefficient) for motion equations of the part
under the push of the STP and DTP with the same probe
initial position (the top tip for the DTP and the tip of the
STP have the same position), constant fixed velocity, and time
duration. It is shown that those constants for the STP are
greater, and therefore the DTP has less uncertainty than the
STP with respect to this measure. This result is supported by
the experimental results in Section V.

E. Planning with robust motion primitives
The assembly task considered in the paper has the initial

configuration with orientation π
2 and a goal configuration of

(0, 0, 0) with position tolerance of εp = 76μm and orientation
tolerance εθ = 5◦ (see Fig. 5 right). Note that we currently
ignore obstacles in the environment. For such a task, our
planning algorithm relies on composing the simple robust
motions defined above. We first construct the following three
higher level robust motion primitives using these simple ones.
1. Robust translation in the x direction
This robust translation is achieved by using DTP to push the
part in the x direction while maintaining two-point sticking
contact. However, because the two tips of a DTP may not
be aligned (see β in Fig. 4 right) or sensing errors exist,
two point contact might not be established, or can only be
established after the one-point contact is established first at
either the top or the bottom tip. To increase robustness, we
define a to-two-contact property, denoted as t2, by a sequential
composition of a one-point sticking contact motion with a
counter clockwise rotation followed by a two-point sticking

pvpvpv

Fig. 6. The t2 motion starting from the right figure to the left.
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Fig. 7. Vertical translational motion starting from the right figure to the left.

contact motion (see Fig. 6). Lemmas 1 and 2 respectively
provide conditions for one-point and two-point sticking contact
motions. The following lemma will ensure that two sticking
motions can be combined to ensure a t2 motion.

Lemma 3: Assume that the top tip first establishes the con-
tact. When the misalignment parameter, β, of the DTP satisfies

| tan β| < min{μ,
d2

d1
,

d1d2ex

eθ + d2
2ex

}; β + θ <
π

2
, (8)

the counter clockwise rotation with one-point sticking contact
can be followed by a two-point sticking motion.

Proof: The first inequality in (8) ensures that two-
point sticking contact is admissible and can be established
before the one-point sticking contact motion stops. The second
inequality ensures that a counter clockwise rotation with one-
point sticking contact will precede the two-point sticking
contact motion.
2. Robust translation in the y direction
This translation is achieved by composing a robust motion with
one point sticking contact and intended rotation followed by a
robust t2 motion (see Fig. 7). The amount of the net vertical
translation is lAB(1 − cos φ) under nominal conditions (no
uncertainty).
3. Robust rotation
This motion is achieved with the pushing described in Sec-
tion IV-B.3.
Planning algorithm: With the above three higher level robust
motion primitives, the planning algorithm consists of the
following steps:

Step 1: Move in the y direction by pushing along the
long edge of the part such that y ∈ [− εp

2 ,
εp

2 ]. We use
a sequence of y-direction motions in Fig. 7, guaranteeing
that the net y translation of lAB(1 − cos φ) in Fig. 7 will
have the following error bound du

v = max{de
1, d

e
2}, in which

de
1 = |lAB(1− cos φ)− (lAB −2su

p −2cu
p)(1− cos(φ−2su

θ ))|,
de
2 = |lAB(1−cos φ)−(lAB+2su

p +2cu
p)(1−cos(φ+2su

θ ))|, su
p

and cu
p are respectively the sensing and control error bounds

in the position, and su
θ is the sensing error bound in the

orientation. To ensure that y ∈ [− εp

2 ,
εp

2 ] can be achieved using
the vertical primitive under sensing and control uncertainties,
the following conditions on the uncertainty bounds must be
satisfied: su

p + du
v ≤ εp

2 , φ > 2su
θ , lAB > 2su

p + 2cu
p .

Step 2: Rotate to θ = π. As shown in (7) and Fig. 5 (left),
the distance of the orientation of the part to the horizontal line



TABLE I

Y-TRANSLATION PRIMITIVE: NET DISPLACEMENT OF THE PART

Test No. X (μm) Y (μm) θ
1 1996 19 0.6◦
2 1975 18 0.5◦
3 1559 20 1.1◦

Average 1843 19 0.7◦
Simulation 1443 11 0.0◦

Theory NA 11 0.0◦

will be bounded. To ensure that the final t2 pushing can be
robustly applied, we require that uncertainty bounds satisfy:

θt = sin−1 dw+2su
p+2cu

p√
d2

w+d2
l

− α < θmax
t2 , in which θmax

t2 is the

maximal orientation of the part allowing a robust t2 pushing
and can be computed using the algorithm in Section IV-D.

Step 3: If necessary, move in the y direction by pushing
along the short edge of the part such that y ∈ [− εp

2 ,
εp

2 ].
Step 4: Translate the part in x direction to the goal (0, 0, 0).

With the robust t2 motion primitives, the final configuration
of part will be x ∈ [px + r cos(γ + β) − cu

p , px + r cos(γ +
β) + cu

p ], y ∈ [py − r sin(γ + β)− cu
p , py − r sin(γ + β) + cu

p ],
and θ = β in which px, py is the position of the top tip of
the DTP, d2, r and γ are as shown in Fig. 4 (right). These
equations also impose restrictions on the uncertainty bounds
to ensure the intended tolerance: rmax(cos(γmax − βmax) −
cos γmax) + 2cu

p < εp and rmax sin βmax + 2cu
p < εp, βmax <

εθ, in which γmax = tan−1 d1
d3

, rmax =
√

d2
1 + d2

3, and βmax

is the maximal magnitude for β (see Fig. 4 right).

V. SIMULATION AND EXPERIMENTAL RESULTS

We did a series of experiments to estimate the parameters
(including the damping matrix and friction coefficient) for
the system and to compare robust and non-robust motions
using both the DTP and STP. In the next two subsections, we
show representative results for the system identification and
for the different motion primitives. In Section V-D, we used
the designed planner to compute probe controls to complete a
given task in both the simulation and experiment.

A. Estimating of system parameters
The parameter fitting was done with the experimental data

obtained using the STP. Figure 8 shows experimental tra-
jectories versus predicted trajectories for one trial that was
used in the parameter estimation (top) and one trial that was
not (bottom). To estimate the parameters, a root-mean-square
metric is used. The optimization algorithm is derived from
the Nelder-Mead method. The diagonal elements of damping
matrix E are estimated to be ex = ey = 160.89N ·sec./m and
eθ = 60.64N ·m · sec. The coefficient of friction between the
part and the probe is estimated to be μ = 0.3 ∼ 0.36. These
figures show 30-40 μm position errors across a translation of
about 600μm and about 3◦ orientation errors for a 45◦ rotation.

B. Comparison between robust and non-robust motions
Trajectories from robust motion primitives show less varia-

tion (and are therefore more predictable) than trajectories from
other motion primitives. Figure 9 shows the experiment setup
(top) and experimental trajectory plots for comparison of the
robust and non-robust motions using the DTP and STP. Tests 1

Fig. 8. System identification: The top three plots show a representative trial
used for system identification and the bottom three plots show a representative
trial used to verify the model.

and 2 are for robust and non-robust t2 motions with the DTP.
Test 1 was verified to satisfy the robust t2 motion conditions in
Sections IV-B.1 and IV-B.2. The experiments showed that the
two-point contact is well maintained because the orientation
θ is almost constant after the two point contact is established.
Test 2 did not satisfy the two-point sticking contact conditions,
and therefore the two point contact was broken once it was
established. We also observed that Test 1 has maximal trajec-
tory differences of 20μm in x, 15μm in y, and 0.023 radians
in θ, which are smaller than the corresponding numbers for
Test 2 (maximal trajectory differences at 15μm in x, 25μm in
y, and 0.1 radians in θ).

C. Comparison between the DTP and STP
Trajectories using the DTP show less variation than those

obtained from the STP. Tests 1 and 3 in Fig. 9 are results from
robust motion primitives for the DTP and STP respectively.
The top tip of the DTP had the same y position as the STP.
Trajectories from Test 1 have less variation than those from
Test 3, whose maximal trajectory differences are 75μm in x,
75μm in y, and 0.2 radians in θ.

D. Planning in both the simulation and experiment
Table I shows the comparison between theoretical, simulated

and experimental results for robust translation in the y direc-
tion, for the motion primitive described in Section IV-E. Ta-
bles II and III compare the experimental and simulated results
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Fig. 9. Experimental results for robust and non-robust motions with the
DTP and the STP.

TABLE II

ROTATIONAL MOTION: NET DISPLACEMENT OF THE PART

Test No. X (μm) Y (μm) θ
1 381 34 88◦
2 434 32 90◦
3 370 14 90◦

Average 382 27 89◦
Simulation 295 0.05 90◦

for executing robust rotational motion and robust translation
in the x direction motion, respectively. At least 3 experimental
tests were done for each motion type and the average values
of the tests are shown in the tables. For the robust y translation
tests, the initial robust one-point sticking contact is maintained
until a desired part rotation angle, φ, is achieved. This is then
followed by a robust t2 push to restore the part to the upright
position. Simulation and theoretical results match very well
for the φ tested. Experiments show a somewhat higher (7-
9 μm) net displacement than the predicted y translation, but
it is likely due to measurement errors — errors in estimating
position are + 5 μm. We did not observe sliding in the pushing
from the image analysis.

In the robust rotational motion experiments, the separation

TABLE III

X-TRANSLATION PRIMITIVE: NET DISPLACEMENT OF THE PART

Test No. X (μm) Y (μm) θ
1 954 5 0.1◦
2 944 11 0.7◦
3 965 11 0.7◦
4 959 5 0.5◦
5 954 0 0.0◦

Average 955 6 0.4◦
Simulation 949 0.2 0.0◦

Simulation: x Experiment: x

Simulation: y Experiment: y

Simulation: θ Experiment: θ

Fig. 10. Simulation (left) and experimental (right) results for a planning task

distance is determined from (6) and the two probe tips are
centered about the center of the part that has orientation
π/2. The STP probe is to the left of the part and is held
stationary. The DTP, on the right side, pushes the part with
its bottom probe tip for a distance of about 1100μm. From
these experiments, we can see that the orientation of the peg
is robustly rotated closed to π even though uncertainties cause
significant mismatches in x and y displacements.

A push of approximately 950μm was used for the robust x
translation experiments. The predicted results are within the
error margins of the experimental observations.

Combining these three types of robust motions together
allows us to execute the planned algorithm described in
Section IV-E. Because of the limited controllability of x
position of the peg in the current experimental platform
and planning algorithm, the initial configuration is set to be
(xinit = 2060.4μm, yinit = −9.2μm, θinit = π

2 ) such that one
robust y motion followed by one robust rotation followed by
one robust x motion is able to push the peg into the hole. A
simulation of the planned motion is shown in Fig. 10 (left).
In the experiments, the peg is successfully pushed into the
hole three times over three trials. The experimental data from
one trial is shown in Fig. 10 (right). The snapshots of the
experiment are shown in Fig. 11 with the associated robust
controls.

VI. CONCLUSION

In this paper, we established a framework for motion plan-
ning under differential constraints and uncertainties in sens-
ing, control (actuation), and geometric/dynamic parameters.
We show how we can characterize robust motion primitives
with applications to quasi-static manipulation and assembly



Move in the y direction

Rotate to the θ = π configuration

Translate the part in x direction to the goal

Fig. 11. Snapshots illustrating the assembly of the part into the slot.

tasks and propose measures to quantify robustness of motion
primitives. Further, we describe an algorithm to automatically
synthesize motion plans which sequentially compose robust
motion primitives to move parts to goal positions with minimal
actuation.

The main contribution in this paper is the quantitative
treatment of uncertainty and the incorporation of models of
uncertainty into the synthesis of motion primitives and the
motion plans. It is clear that this paper is only a starting
point and does not address the problems associated with multi-
point contact which characterize assembly tasks. Further, we
simplified the modeling of the contact friction by considering
lubricated surfaces which appear to be well modeled by
viscous damping. Nevertheless, the ability to plan and reliably
execute the plan for positioning and orienting parts using
visual feedback with only a single degree-of-freedom actuator
represents a significant accomplishment over previous studies
on quasi-static manipulation.

ACKNOWLEDGMENTS

We gratefully acknowledge the support of NSF grants
DMS01-39747, IIS02-22927, and IIS-0413138, and ARO
grant W911NF-04-1-0148.

REFERENCES

[1] S. Akella and M. T. Mason. Posing polygonal objects in the plane
by pushing. International Journal of Robotics Research, 17(1):70–88,
January 1998.

[2] J.C. Alexander and J.H. Maddocks. Bounds on the friction-dominated
motion of a pushed object. The International Journal of Robotics
Research, 12(3):231–248, June 1993.

[3] M. Anitescu and F.A. Potra. Formulating dynamic multi-rigid-body con-
tact problems with friction as solvable linear complementarity problems.
Nonlinear Dynamics, 14:231–247, 1997.

[4] Z. Balorda. Reducing uncertainty of objects by robot pushing. IEEE
Int. Conf. on Robotics and Automation, pages 1051–1056, 1990.

[5] S. Berard, B. Nguyen, B. Roghani, J. Trinkle, J. Fink, and V. Kumar.
Davincicode: A multi-model simulation and analysis tool for multi-
body systems. In Proceedings of the IEEE International Conference
on Robotics and Automation, 2007.

[6] K. Boehringer, R.Fearing, and K. Goldberg. Handbook of Industrial
Robotics, 2nd Ed., chapter Microassembly, pages 1045–1066. John
Wiley and Sons, 1999.

[7] D.J. Cappelleri, J. Fink, and V. Kumar. Modeling uncertainty for
planar meso-scale manipulation and assembly. ASME 2006 International
Design Engineering Technical Conference (IDETC), Philadelphia, PA,
2006.

[8] P. Cheng. Sampling-Based Motion Planning with Differential Con-
straints. PhD thesis, University of Illinois, Urbana, IL, August 2005.

[9] P. Cheng and V. Kumar. Sampling-based falsification and verification
of controllers for continuous dynamic systems. In S. Akella, N. Amato,
W. Huang, and B. Misha, editors, Workshop on Algorithmic Foundations
of Robotics VII, 2006.

[10] H. Choset, K. M. Lynch, S. Hutchinson, G. Kantor, W. Burgard, L. E.
Kavraki, and S. Thrun. Principles of Robot Motion: Theory, Algorithms,
and Implementations. MIT Press, Cambridge, MA, 2005.

[11] M.A. Erdmann and M.T. Mason. An exploration of sensorless manipu-
lation. IEEE Journal of Robotics and Automation, 4(4), August 1998.

[12] R.S. Fearing. Survey of sticking effects for micro parts handling.
IEEE/RSJ Int. Conf. on Intelligent Robotics and Sys.(IROS), Pittsburgh,
PA, 2:212–217, August 5-9 1995.

[13] K.Y. Goldberg. Orientating polygonal parts without sensing. Algorith-
mica, 10(2/3/4):210–225, August/September/October 1993.

[14] Suresh Goyal, Elliott N. Pinson, and Frank W. Sinden. Simulation
of dynamics of interacting rigid bodies including friction i: General
problem and contact model. Engineering with Computers, 10:162–174,
1994.

[15] S. M. LaValle. Planning Algorithms. Cambridge University Press,
Cambridge, U.K., 2006. Available at http://planning.cs.uiuc.edu/.

[16] K.M. Lynch. The mechanics of fine manipulation by pushing. IEEE
Int. Conf. on Robotics and Automation, Nice, France, pages 2269–2276,
May 1992.

[17] K.M. Lynch. Estimating the friction parameters of pushed objects. Proc.
1993 IEEE/RSJ Int. Conf., July 1993.

[18] K.M. Lynch and M.T. Mason. Stable pushing: Mechanics, control-
lability, and planning. International Journal of Robotics Research,
15(6):553–556, December 1996.

[19] M.T. Mason. Mechanics and planning of manipulator pushing opera-
tions. International Journal of Robotics Research, 5(3):53–71, 1986.

[20] M. Moll, K. Goldberg, M.A. Erdmann, and R. Fearing. Orienting micro-
scale parts with squeeze and roll primitives. IEEE Int. Conf. on Robotics
and Automation, Washington, DC, May 11-15 2002.

[21] J.S. Pang and J.C. Trinkle. Complementarity formulations and existence
of solutions of dynamic multi-rigid-body contact problems with coulomb
friction. Mathematical Programming, 73:199–226, 1996.

[22] M.A. Peshkin and A.C. Sanderson. The motion of a pushed, sliding
object, part1: Sliding friction. Technical Report CMU-RI-TR-85-18,
Robotics Institute, Carnegie Mellon University, Pittsburgh, PA, Septem-
ber 1985.

[23] D.T. Pham, K.C. Cheung, and S.H. Yeo. Initial motion of a rectangular
object being pushed or pulled. IEEE Int. Conf. on Robotics and
Automation, 1046-1050, 1990.

[24] M. Salganicoff, G. Metta, A. Oddera, and G. Sandini. A vision-based
learning method for pushing manipulation. AAAI Fall Symp. on Machine
Learning in Computer Vision., 1993b.

[25] P. Song, J.S. Pang, and V. Kumar. A semi-implicit time-stepping model
for frictional compliant contact problems. International Journal for
Numerical Methods in Engineering, Accepted for publication 2004.

[26] D. E. Stewart and J.C. Trinkle. An implicit time-stepping scheme
for rigid body dynamics with inelastic collisions and coulomb friction.
International J. Numer. Methods Engineering, 39(15):281–287, 1996.

[27] J.C. Trinkle, S. Berard, and J.S. Pang. A time-stepping scheme for
quasistatic multibody systems. International Symposium of Assembly
and Task Planning, July 2005.

[28] T. Yoshikawa and M. Kurisu. Identification of the center of friction from
pushing an object by a mobile robot. IEEE/RSJ International Workshop
on Intelligent Robots and Systems IROS, November 1991.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


